We study the spin dynamics of a ferromagnetic insulator on which graphene is placed. We show that the Gilbert damping is enhanced by the proximity exchange coupling at the interface. The modulation of the Gilbert damping constant is proportional to the product of the spin-up and spin-down densities of states of graphene. Consequently, the Gilbert damping constant in a strong magnetic field oscillates as a function of the external magnetic field that originates from the Landau level structure of graphene. We find that a measurement of the oscillation period enables the strength of the exchange coupling constant to be determined. The results demonstrate in theory that the ferromagnetic resonance measurements may be used to detect the spin resolved electronic structure of the adjacent materials, which is critically important for future spin device evaluations.
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Introduction.-The half-integer quantum Hall effect in graphene is a hallmark of two-dimensional Weyl fermions [1, 2] . The Landau level structure under a perpendicular magnetic field is notably distinct from conventional twodimensional electron gases in semiconductor quantumwells. In addition to the manifestation of the unusual quantum Hall effect, graphene is a promising material for seeking new phenomena in the quantum Hall regime from the perspectives of the feasibility of the effect and tunability of electronic structures. The quantum Hall effect in graphene is observable even at room temperature [3] , and the electronic structure of graphene may be widely modulated by the manner of stacking and the coupling from its substrates. Moiré superlattices arising in graphene on hexagonal boron nitride is a prominent example, for which a fractal energy spectrum under a perpendicular magnetic field called Hofstadters butterfly has been observed [4, 5] . The approach using the coupling between graphene and substrates plays a key role for the emergence of new phenomena.
Although pristine graphene is a non-magnetic material, there have been efforts to introduce magnetism into graphene to find spin-dependent phenomena and to exploit its spin degrees of freedom. Following the above approach, placing graphene on a magnetic substrate is a reasonable way, which leads to magnetic proximity effect and lifting of spin degeneracy [6, 7] . Subsequently, magnetization was induced in graphene and spin dependent phenomena, such as the anomalous Hall effect [8, 9] and non-local spin transport [10, 11] , were observed. In all these experiments, a spin-dependent current was generated by an electric field. There is an alternative way to generate a spin current called spin pumping [12] [13] [14] . The proximity exchange coupling describes spin transfer at the magnetic interface and a spin current is injected using ferromagnetic resonance (FMR) from ferromagnetic materials into the adjacent materials. The generation of a spin current is experimentally detectable through both the inverse spin Hall effect and modulation of the FMR, which were experimentally confirmed at magnetic interfaces between graphene and several magnetic materials [15] [16] [17] [18] [19] .
The theory of spin transport phenomena at magnetic interfaces has been formulated based on the Schwinger-Keldysh formalism [20] , which is applicable to magnetic interfaces composed of a variety of systems, such as a paramagnetic metal and a ferromagnetic insulator (FI) [21] [22] [23] , a superconductor and FI [24] , and two FIs [25, 26] . The modulation of FMR has been investigated in several papers. The modulation of Gilbert damping was found to be proportional to the imaginary part of the dynamical spin susceptibility [21, 23, 24, 27, 28] , which means that one can detect spin excitations and electronic properties of adjacent materials through the FMR measurements. However, the modulation of FMR at the magnetic interface between graphene and a FI has not been investigated and the effect of Landau quantization on the FMR signal is unclear.
In this work, we study the modified magnetization dynamics of a FI adjacent to graphene. Figure 1 (a) shows a schematic of the system. Microwaves are irradiated and the precession of localized spins is induced. Figure 1 (b) and (c) shows the electronic structure of graphene on the FI under a perpendicular magnetic field. The spin degeneracy is lifted by the exchange coupling at the interface and spin-split Landau levels are formed. The densities of states for spin-up and spin-down are shown in the right panel; Landau level broadening is included. We find that the modulation of Gilbert damping is proportional to the product of the densities of states for spin-up and spindown, so that the FMR measurements may be used as a probe of the spin-resolved densities of states. Owing to the peak structure of the density of states, the modulation of Gilbert damping exhibits peak structure and an oscillation as a function of Fermi level and magnetic field, which reflects the Landau level structure. One may determine the exchange coupling constant by analyzing the period of the oscillation. Model Hamiltonian.-The total Hamiltonian H(t) consists of three terms,
The first term H FI (t) describes the bulk FI
where b † k and b k denote the creation and annihilation operators of magnons with momentum k. We assume a parabolic dispersion ω k = Dk 2 − γB, with γ(< 0) the electron gyromagnetic ratio. The coupling between the microwave and magnons is given by
where h ac and Ω are the amplitude and frequency of the microwave radiation, respectively, and S is the magnitude of the localized spin in the FI. The above Hamiltonian is derived from a ferromagnetic Heisenberg model using the Holstein-Primakoff transformation and the spin-wave approximation
where S k is the Fourier transform of the localized spin in the FI).
The second term H AL describes the electronic states around the K point in graphene under a perpendicular magnetic field,
where c † nXs and c nXs denote the creation and annihilation operators of electrons with Landau level index n = 0, ±1, ±2, · · · , guiding center X, and spin up s = + and spin down s = −. The eigenenergy is given by
where v is the velocity and the sign function is defined as
In the following, we neglect the Zeeman coupling between the electron spin and the magnetic field because it is much smaller than the Landau-level separation and the exchange coupling introduced below. In graphene, there are two inequivalent valleys labelled K and K ′ . In this paper, we assume that the intervalley scattering is negligible. This assumption is valid for an atomically flat interface, which is reasonable given the recent experimental setups [8, 18, 19] . Consequently, the valley degree of freedom just doubles the modulation of the Gilbert damping.
The third term H ex is the exchange coupling at the interface consisting of two terms
where H Z denotes the out-of plane component of the exchange coupling and leads to the spin splitting in graphene,
with J the exchange coupling constant.
The zcomponent of the localized spin is approximated as S z k ≈ S. H T denotes the in-plane component of the exchange coupling and describes spin transfer between the FI and graphene,
where J nXn ′ X ′ ,−k is the matrix element for the spin transfer processes and s + nX+n ′ X ′ − is the ladder operator for the electron spin in graphene.
Results.-To discuss the Gilbert damping, we calculated the time-dependent statistical average of the localized spin under the microwave irradiation. The firstorder perturbation calculation gives the deviation from the thermal average,
The retarded Green's function is written as
where we have introduced the phenomenological dimensionless damping parameter α G , called the Gilbert damping constant, which originates from the magnon-phonon and magnon-magnon coupling, etc [29] [30] [31] . In this paper, we focus on the modulation of the Gilbert damping stemming from the exchange coupling at the interface. The self-energy from the exchange coupling at the interface within second-order perturbation is given by
The spin susceptibility is given by
where f ns = 1/ e (εns−µ)/kBT + 1 is the Fermi distribution function and ε ns = ε n +JSs is the spin-split Landau level. From the self-energy expression, one sees that the modulation of the Gilbert damping reflects the property of the spin susceptibility of graphene. The modulation of the Gilbert damping under the microwave irradiation is given by [21, 23, 24, 27, 28] 
where the superscript K signifies the contribution from the K valley. To further the calculation, we assume J nXn ′ X ′ ,0 = J 0 for simplicity. Even though this is a stark simplification, the qualitative properties discussed below are independent of the simplification process. With this assumption, the self-energy becomes
where D s (ε) is the density of states for spin s = ± with magnetic length ℓ B = /(eB) and area of the interface A. Here, we have introduced a constant Γ describing level broadening arising from impurity scattering. This is the simplest approximation to include this disorder effect. The density of states shows peaks at the Landau level, which is prominent when its separation exceeds the level broadening. Finally, the modulation of the Gilbert damping constant δα G is derived as
where g v = 2 denotes the degree of freedom associated with the valley. From this expression, one sees that the modulation of the Gilbert damping is proportional to the product of the densities of states for spin-up and spindown. Therefore, combined with the density of states measurement, for example, a capacitance measurement [32] , the FMR measurement is used to detect the spinresolved densities of states. Figure 2 shows the spin-split Landau levels and the modulation of the Gilbert damping δα G as a function of the Fermi level µ and the magnetic field B. We use δα 0 as a unit of δα G
We note that δα 0 ∝ B 2 . Both the level broadening Γ and the thermal broadening k B T are set to 1meV, and JS is set to 20meV [6] [7] [8] . δα G reflects the Landau level structure and has peaks at crossing points of spin-up and spindown Landau levels. The peak positions are determined by solving ε n+ = ε n ′ − and the inverse of the magnetic field at the peaks is given by
The peak structure becomes prominent when the Landau level separation exceeds both level and thermal broadening. Figure 3 shows the modulation of the Gilbert damping δα G as a function of the inverse of the magnetic field 1/B with the Fermi level set to µ = 20meV, where the spin-down zeroth Landau level resides. δα G shows peak structure and a periodic oscillatory behavior. The period of the oscillation ∆(1/B) is derived from Eq. (19) and is written as
The above relation means that the magnitude of the spin splitting JS is detectable by measuring the period of the oscillation ∆(1/B). For the peak structure to be clear, both level and thermal broadening must to be sufficiently smaller than the Landau level separation; otherwise, the peak structure smears out.
Discussion.-To observe the oscillation of Gilbert damping, at least two conditions must be satisfied. First, the well-separated landau levels have to be realized in the magnetic field where the FMR measurements is feasible. Second, the FMR modulation caused by the adjacent graphene have to be detectable. Recent broadband ferromagnetic resonance spectrometer enables the generation of microwaves with frequencies ≤ 40GHz and FMR measurements in a magnetic field ≤ 2T, and the graphene Landau levels are observed in recent experiments at 2T [33] . The modulation of the FMR linewidth in Permalloy/Graphene [15, 17] , yttrium iron garnet/Graphene [18, 19] have been reported by several experimental groups, although all of them were performed at room temperature. Therefore, the above two conditions are experimentally feasible and our theoretical predictions can be tested in an appropriate experimental setup.
Conclusions.-We have studied the modulation of the Gilbert damping δα G in a ferromagnetic insulator on which graphene is placed. The exchange coupling at the interface and the perpendicular magnetic field lead to the spin-split Landau levels in graphene. We showed that δα G is proportional to the product of the densities of states for spin-up and spin-down electrons. Therefore, the spin-resolved densities of states can be detected by measuring δα G and the total density of states. When the Fermi level is fixed at a Landau level, δα G oscillates as a function of the inverse of the magnetic field. The period of the oscillation provides information on the magnitude of the spin splitting. Our main message is that the FMR measurement is a probe of spin-resolved electronic structure. In addition to spin current generation, one may use the FMR measurements to detect the electronic structure of adjacent materials.
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